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Vier-Kreise-Satz von Descartes

Gegeben :
3 paarweise sich beruhrende Kreise

K1 = K[7r1\0);r1 K, = K[r2|0);r2 Ks =

(Xs‘ya]; I3

Gesucht :

Kreis K := K|

(x|y)ir

, der auflerhalb der gegebenen Kreise liegt (und diese also von
aulen beruhrt) .

A

Der Vier-Kreise-Satz von Descartes 2



Vorbemerkung :

Im Dreieck A ABC qilt:

b a
h:
q P
o}
2 2 2
c’—b°+a
d
p % un

h

2

3 \/4c2a2—(02—b2+a2
- 2c

Nun wendet man diese Formeln auf das gegeben Problem an :

Darstellung von

(Xs]ys] in Abhdngigkeitvon r, , r, , 1, ,
(xly)  in Abhdngigkeitvon r, , r, , r

A

A (X3 I y3)
i s
: r*r,
: (xly)
] r+r o+
1 > | I
r1+r2 r1+r2
(-r;10) (r,10) (-r,10) (r,10)
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Mit a =r,4r; , b=r4r; , ¢ =r+r, und p =r,—x; h =y, folgt

_ c*—p*+a’
P =2
A,
2 s 2(r1+r2)
o (r1+r2)2—(r1+r3)2+(r2+r3)2
P 2(rery)
.- 2rz(r1+r2)—(r1+r2)2+(r1+r3)2—(r2+r3)2
s 2(r1+r2)

21,1421, —r 2 =21 r,—r2+r 2+ 2r, r 4, —r2=2r,r,—r.’

X
s 2(r1+r2)
2r,r,=2r,r,

X
P 2[4y
rr,—r,r
X3 — 1°3 2'3
r+r,
_ (r1_r2)r3
, = —=
r+r,
2.2 2 2,2\
h — ¢4ca—(c —b+a)
2c
2
2 2 2 2 2
3 \/4(r1+r2) (r2+r3) —((r1+r2) —(r1+r3) +(r2+r3) )
Y3 =
2(r1+r2)
2 2
\/4((r1+r2)(r2+r3)) —(r12+2r1r2+r§—r12—2r1 rs—r§+r§+2r2r3+r§)
Y; =
2(r1+r2)
2 2 2 2 2
Ar Myt ratr, +rorg] —| 20 ry4+r5—2r,r3+r5+2r,r,
s = 2(r1+r2)
2 2 2 2
4(r1 r+rry+r, +r2r3) —(2r1r2+2r2—2r1 r3+2r2r3)
Y; =
2(r1+r2)
2 2 2 2
4(r1 Fo+rra+r, +r2r3) —4(r1 r+r;—r, r3+r2r3)
s = 2(r1+r2)
2 2 2 2
4(r1 ry+r, +r2r3+r1r3) —4(r1 r+ry+ryrs—r, r3)
Y; =
2(r1+r2)
2 2 2 2
2 (r1r2+r2 +r2r3+r1r3) —(r1r2+r2+r2r3—r1r3)
Y; =

2(r1+r2)
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2 2
\/(n r2+r22+r2r3+r1r3) —(r1r2+r§+r2r3—r1r3

r1+r2)

~ \/2(r1r2+r22+r2r3)2(r1r3)
s = (r +r )
1 2

_ 2\/(r1 r2+r22+r2 r3)(r1r3)
Y; =
(r1+r2)

2\/((r1+r2)r2+r2r3)r1r3 3 2\/r1r2r3(r1+r2+r3)

Ys = (r1+r2) B (r1+r2)
Es sind also
. - (r1—r2)r3 und B 2\/((r1+r2)r2+r2r3)r1r3 3 2\/r1 r2r3(r1+r2+r3)
. ry+r, Yo = (r1+r2) B (r1+r2)
und analog bekommt man
- (r1—r2)r und ~ 2\/((r1+r2)r2+r2r)r1r ~ 2r,r,r? + r1r2(r1+r2)r
r+r y = (r1+r2) B (r1+r2)

Abstandsbedingung fiir (xly) , (x|ys) :

=y ~ (r,—r,)r
o, r+r,
=) = (ry=ryry
o,

(ry=r,)(r—ry)

r+r,

X_X3 =

~ 2\/((r1+r2)r2+r2r)r1r 2\/((r1+r2)r2+ r2r3)r1 ry

(ry+ry) (ry+r)

2 2
— (2\/r1r2r + r1r2(r1+r2)r — \/r1 r2r3(r1+r2+r3))
1 2

<
|
<
w
|

<
|

<

w
Il
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(x—x3)2 + (y—y3)2 = (r3+r)2

((!LT — ) o e o e L e |
-4l

2 2 2
(r1 r2 r r3 \/r1 r2r + rqr, r1+r2)r — \/r1r2r3(r +r2+r3) = (r1+r2) (r3+r)

2 2 2 2 2 2
4 \/r1r2r + 1, rz(r1+r2)r — \/r1r2r3(r1+r2+r3) = (r1+r2) (r3+r) — (r1—r2) (r—rs)

4lyrer? + ALEIAL- Jror o3l +r+rs) )2 = ((r1+r2)(r3+r))2 - ((r1—r2)(r—r3))2

4 \/r1r2r2 + 1, r2(r1+r2)r \/r r r3 r1+r2+r3 )2 = (r1r3+r1r+r2r3+r2r)2—(r1r—r1r3—r2r+r2r3)2

2

4(\/r1r2r2 + ryry(rer)r - Jror o3l +r+rs) )2 = (r1r+r2r3+(r1r3+r2r))2—(r1r+r2r3—(r1r3+r2r))2
4(\/r1r2r2 + 1, rz(r1+r2)r — \rr r3 r +r2+r3 )2 = 2(r1r+r2r3)2(r1 r3+r2r)

2 2 2 2 2
4 \/r1r2r + T rz(r1+r2)r — \/r r r3 r +r2+r3 = 4(r1r2r + (r1 r3+r2r3)r + r1r2r3)

2
2 2 2 2 2
(\/nrzr + r1r2(r1+r2)r — \/I’1 r2r3(r1+r2+r3)) = rqr,r + (I’1 r3+r2r3)r + ryryr;

2 2 _ 2 2 2 2
rryr+r, rz(r1+r2)r—2\/r1 r,re+r, rz(r1+r2)r \/r1 r2r3(r1+r2+r3)+r1 rzrs(r1+r2+r3) = rnrr +(r1r3+r2r3)r+r1r2r3

2 _ 2 2
r, rz(r1+r2)r—2\/r1 rro+r, rz(r1+r2)r \/r1r2r3(r1+r2+r )+r1r2r3(r +r2) = (r1r3+r2r3)r

[r1r2(r1+r2) —~ (rfr3+r§r3)]r +nyrr(rr,) = 20004 n () Jnnr )

([r1r2(r1+r2) - (rfr3+r§r3)]r + r1r2r3(r1+r2))2 = 4(r1r2r3(r1+r2+r3))(r1r2r2 + Iy rz(r1+r2)r)

Quadratische Gleichungin r

[r1r2(r1+r2) - (rfr3+r§r3)]2r2 = 4rfr§r3(r1+r2+r3)r2

+ +
2r1rzrs(r1+r2)(r1r2(r1+r2) — (rfr3+r§r3))r 4rfr§r3(r1+r2)(r1+r2+r3)r
+

rfrﬁri(rﬁrz)z
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Jetzt bringt man die Quadratische Gleichungin r auf Normalform :

Koeffizient von r?

2
[r1r2(r1+r2) - (rfr3+r§r3)] - 4rfr§r3(r1+r2+r3)
2 2 2 2,2
[r1r2(r1+r2) - rs(r1+r2)] - 4r1r2r3(r1+r2+r3)

Der Term 2r,r,r, wird hinzugefligt und weggenommen :

2
[r1r2(r1+r2) - r3(rﬁ+2r1r2+r§) + 2r1r2r3] — 4rfr§r3(r1+r2+r3)
2
2 2.2

[r1r2(r1+r2) — ra(r1+r2) + 2r1r2r] — 4r1r2r3(r1+r2+r3)
2.2 2 2,2 .2
r1r2(r1+r2) +r (r1+r ) +4r2r2r 2r1r2r3(r +r ) +4rr2 3(r1+r) 4r1r2r3(r1+r2) — 4r2p2 3(r1+r2+r3)
2.2 )
ror2 r1+r2) +r3(r1+r ) 2r, r2r3(r +r ) 4r1r2r3(r +r )

2( 2.2 2
(r1+r2) (r1r2 +r (r +r ) 2r1r2r3(r +r ) 4r1r2r3)

2( 2.2
(r1+r2) (r1r2 + r1r3 + 2r1r2r3 + r2r 2r1r2r3 2r1r2r3 4r1r2r3)

2( 2.2 2.2 2
(r1+r2) (r1r2 +rir; — 2, r + 15 r — 2r1r2r3 — 2r1r2r3)

2( 2 2 2.2 2 2 2 2
(r1+r2) (r1r2 +riry + ooy — 2r1r2r3 2rir,r, — 2r1r2r3)

2 (2.2 2 2 .. 2
(r1+r2) (r1r2 + r2r2 + r2r2 = 2rfr,r, — 2r.rr, — 2r1r2r3) Koeffizient von r

Koeffizient von r
2r1r2r3(r1+r2)(r1r2(r1+r2) - (rfr3+r§r3)) - 4rfr§r3(r1+r2)(r1+r2+r3)

2 2
2r,ryrg(r+ry,) 1 rz(r1+r2) — (r1r3+r2r3) — 2r1r2(r1+r2+r3))
i, + 10 — riry—rar, — 2rir, — 2r,1r5 — 2r1r2r3)

2 2

rer) |
rafri+ry) |
2r,r, 3(r 2) (—r r, — r1r§ — rfr3 — rgr3 — 2r1r2r3)
( ) (—r = I T2 — I2r — Iary — [yFofy — r1r2r3)
[reera) [

20,141, ) (=10 (rdr,) — ryrg(ritr,) — r2r3(r1+r2))
—2r,r,ry(rr,f (rr, + rry + ) Koeffizient von r
Absolutglied :

2.2.2 2
I'1I'2I‘3 (r1+r2)
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Die quadratische Gleichungin r

2(2.2,.2.2, 2.2 2
(r1+r2) (r1 roHrrs+rors—=2rir,r.—2r,

2
ryr

in Normalform lautet nun

2
3_2r1r2r3

4

2r.r.r

2
i, 3(r1+r2) (r1 Fy+r, F+1,1,

(rfr§+rfr§+r§r§—2rfr2r3—2r1r§r3—2r1r2r§)r2 AT A TS A A AT o e A

Formulierung der Gleichung uber die Krimmung :—

2.2.2
r+ rrrj;

2
(rfr§+rfr§+r§r§—2rfr2r3—2r1r§r3—2r1r2r§) - 2r1r2r3(r1r2+r1r3+r2r3)(:—) + rfrgrg(:—) =0
1) 1
rfrgrg(r) - 2r1rzra(r1r2+r1r3+r2r3)(r—) + (rfr§+rfr§+r§r§—2rfr2r3—2r1r§r3—2r1r2r§) =0
(1 )2 2(r1r2+r1r3+r2r3)(1) . oI r 2= 2r2r ,ry— 21, 1ar = 2r,1,15
r rror, r r2r2r2 a
(1 )2 2(r T pHr 41,0 4 . PT35I — 21 T, M= 2 13Ty =20 T,r5 0
r ol r rrir? B
(12 1T 1 11y 1 1 1 171 11 11
—| = 2|—t+—+— ||| + gtttz 2| —F——F+——| =
r r, r, rs\r A S (N PR
Die Losungen sind
2
T_1. 1.1 \/ LI e T N S ENRRY e B B B
r r, r, ry r, r, r, rforor} ryf, rory rr,
1 _ 1.1 1 17 1 1 171 11 11 17 1 1 171 11 11
— = kSt 2| - S5 b 2|
roor,r, 222 P F, T fy [ply 2 2 P F, T Fy Tyly
A I I I \/4(1_1_+1_1_+1_1_)
ror,r, r, [, Ty [yl
1 1.1 1 \/1 111 .11
-t rnrt it rtr
roor,r, r, Fify [Ty Tyl
1
r =
I \/1_1_+1_1_+1_1_
r,or, Iy FFy [Ty ol

Durch Einsetzen ergeben sich die Koordinaten des Mittelpunktes :

(r1+r2)2

0

. = (r1—r2)r _ 2\/((r1+r2)r2+r2r)r1r _ 2\/(r1+r2+r)r1r2r _ 2\/r1 r2r2 + r1r2(r1+r2)r
r+r, Y (ry+1,) (r 1) (ry+1,)
mit r = 1
1,1,1 . 2\/1_1_+1_1_+1_1_
ry ry fy  \ryry ryry ryry
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Ersetzt man die Radien durch die Krummungen , k1::— , kQ::— . ky=
1 2
so erhalt man die quadratische Gleichung

K* — 2(ktkorks)k + Ki+ko+ki—2(K Ktk ky+kyks) = 0

Die Lésungen sind

k = k,+ko+k, + \/(k1+k2+k3)2 — ki—k3—k3 + 2(Kky+k Kotk ks

K = Kkorkyrky £ (IC+ICHKS + 2(k Kok kyrkoky ] — KE—kG—k2 + 2(k k,+k K +kok,
k = Kk+k,+ky = 4k Ktk K +k K]

k = k+ktky = 29[k K +k Kotk K,

Umformung der Gleichung liefert :

K* — 2(kytkprks)k + Ki+ko+k3—2(K ky+k ky+kyks) = 0

Ki+ko+ Kok — 2(K,+Ky+kg k—2(K ky+k ky+k Ky = 0
Ki+korkark® = 2(k ky+k kot koK | + 2(k +ky+ks |k
Ki+kG+ka+k? = 2[kkp+kikgrkoky + [Ki+ko+koK]
Ki+ko+ka+k® = 2(k/ko+k kg+koky + Kok+kok+kqk]|

Ki+ko+ka+k® = 2(Kk ky+k kgrkik + K kyrkok + Kqk|

2(Ki+IG+ K3+ K| = K2+ko+Ko+k? + 2(k ky+k ko+k k + Koka+k,k + ksk
3

2(kf+k§+k§+k2) = (k1+k2+k3+k)2

Vier-Kreise-Satz von Descartes ( 1596 — 1650 )
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