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Gegeben sei das Dreieck AABC in der komplexen Zahlenebene sowie drei
Ecktransversalen, welche die Gegenseite jeweils im Verhaltnis t : (1 —t) , teR
teilen.

A ] c B
S-B = t[C-B) = ta
T-C = t(A-C) = tb
U-A = t(B-A] = tc

Man berechne den Flacheninhalt des Dreiecks ADEF !

Berechnung des Punktes D :
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D - ([c+ta]A — (c+ta)Al(b+tc|] — (c+ta)((b+tc|C — (b+tc|C)
\c+ta)(b+tc] — (c+tallb+tc]

Nenner N von D
N = (c+tal(b+tc] — (c+ta)(b+tc)
= Ccb + cct + abt + act® — cb — cct — abt — act’
= Cb + abt + act® — cb — abt — act’
= Ccb — cb + abt — abt + act® — act’

= ¢b — cb + [ab — abjt + (ac — agt
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Zahler Z von D
Z = ([c+ta)A - [c+ta)Al(b+tc] — [c+ta)((b+tc|C — (b+tc|C)
= (cA—cA + [aA—aAlt|lb+tc) — (c+tal(bC—bC + ([cC—cCt)
= [cA-cAlb — c[bC-bC|
+ | [cA—cA)c + (aA-aAlb — [bC-bCla — [cC—cClc |t

+ [ (aA-aAlc - alcC—cCT) Jt*

Berechnung des Absolutglieds von Z :
[cA—cAJb — ¢[bC-bC)
= CbA — cbA — cbC + cbC : A = C+b
= ¢b(C+b) — cb(C+b) — ¢cbC + cbC
= cbC + cbb — ¢cbC — cbb — c¢cbC + cbC
= CbC + cbb —ebT — cbb — cbC +ebCT

= ¢cbC + ¢cbb — cbb — ¢cbC

= (cb — c¢b)C + (b — ¢cb|b

= (cb — ¢b|[C + b]

= [cb — cb)A , A asc =
= 4iAnscA
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Berechnung des Koeffizienten des linearen Terms von Z :
[cA-cA)c + (aA-aAjb — [bC-bCla — (cC—cClc
= CcA — ccA + abA — abA — baC + baC — ¢ccC + ccC
A = C+b
= tc(C+b) — cc[C+b) + ab(C+b) — ab(C+b) — baC + baC — ccC + ccC
ceC + ccb —oecC — ccb + abC + abb —abT — abb — baC + baC —&cC + ecC
ccb — ccb + abC + abb — abb — baC

= (cb - cbjc — (ba — ba]C - (ba — ba)b

cb—cb _ ba-ba _ ac-ac

Wegen A, ,pc = a0 = 7 = 7 folgt :
= 4iA,,5clc — C — b
= 4iAusclc — (C + b)) , C+b = A
= 4iA el — A
= —4iA, pclA - ¢

Berechnung des Koeffizienten des quadratischen Terms von Z :
laA-aAlc — alcC-cC)
= acA — acA — acC + acC

= ac(C+b) — ac[C+b) — acC + acC

= acC + acb — aeC — acb — acC + ae€

= (ac - ac|C - [ba — balc : Anse = Zib_Cb
= 4iAAABC(C - C) , —C = b+a

= 4iA ,5cC + b + a) ., C+b = A

= 4iA, ,5lA + a
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Damit erhalt man jetzt den Zdhler Z von D

Z = (cA-cAlb — ¢[bC-bC|
+ | [cA—cAjc + (aA-aAlb — [bC-bCla — [cC—cClc |t
+ [ [aA-aAlc - alcC—cT| |t

Z = 4iAecA — 4iA e lA—clt + 4iA,,.c[A+alt’

Z = 4iA A — (A—clt + (A+a)t?]

Damit folgt fiir den Transversalen-Schnittpunkt D

_Z
D =X
5 = 4iAeclA — (A-c]t + [A+alt’]
4iA, 5l — t + t7]
b_A - (A—c)t + [A+alt’
- 2
1T -t +t

Aus Symmetriegriuinden sind dann die anderen Transversalen-Schnittpunkte

_B - (B-ajt + (B+b)t’
1 —t+ t

_C - (C—bJt + [C+c)t?
1 —t+t

Berechnung der Seiten des Dreiecks ADEF

d = F-E

d

_[c-B] + [-[c-Bj+b-alt + [[C-BJ+c—b]t?
1 — t + t?

a + [-a+b—alt + [a+c—b]t’

d = 1110 atc = —b
-t +
a — [2a-b]t — 2bt?
d = 5
1 —t+t

Transversalen-Dreiecke 5



Durch zyklische Vertauschung erhalt man die anderen Seiten :

b — [2b-c]t - 2cf’
1 —t+t°

_ ¢ — [2c-a]t — 2at’
1 —t+ ¢t

Der Flacheninhalt des Transversalen-Dreiecks ADEF ist gegeben durch :

1 _
Asper = ai (ed - ed)

1 [b-[2b—c]t-2ct® a—[2a-b]t—2at®  b—[2b—c]t—2ct® a—[2a—b]t—2bt?

Proer = i 17— (2 ¢ 1 - t+ 2 1 - t+t 1 - t+t
Awer = — ([b-[2b-clt-26t") [a—[2a-bjt-2at] — (b—[2b—c|t-2¢F] (a[2a-b]t—2b¢
4i[1-t+t})
Nebenrechnung :
(b-[2b—c|t-2¢t?| (a—[2a-b]t-2at?] — (b—[2b—c]t—2ct?| (a—[2a-b]t-2bt?

= ba - [2b-clat — 2cat?
— b[2a-b]t + [2b-c]|[2a-b|t* + 2c[2a-b]t’
— 2bbt* + [2b—c]2bt® + 4cbtt
ba — [2b—c|at — 2cat?
- — b[2a-b]t + [2b—c][2a-b|t® + 2c[2a-b]t’

— 2bbt* + [2b—c|2bt® + 4cbt
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= ba - [2b-clat — 2cat?
— b[2a-b]t + [2b-c]|[2a-b]t® + 2c[2a-b]t’

+ [2b—c|2bt® + 4cbt?

ba — 2bat + cat — 2cat?

— 2bat +_bbt™+ 4bat® — 2bbt” — 2act’ + cbt® + 4cat’ — 2cbt’
+ 4bpt ™ — 2cbt’ + 4cbt?
ba — 2bat + cat — 2cat?
- — 2bat +.bbT + 4bat? — 2bb¥ — 2act® + cbt® + 4cat® — 2cbt’

+ 4bbt™— 2cbt’ + 4cbt?

= 4iA, use
—2(4iAppc)t — (4iA n5c)t — 2(4iA,npc]t

+ 2[4iAppc) + AATA, 5ot + 2(4iA 5+ (41A, 4501
—4(4iA,050)t? — 2(4iAnac )t — 2(4i A a5c)t

+4(4iA

AABC) t'

= 4iA, 51 — 5t + 9t2 — 8t + 4t
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Damit erhalt man den Flacheninhalt des Dreiecks ADEF

Awer = — ([b-[2b-clt-26t") [a—[2a-bJt-2at] — (b—[2b—c|t-2¢F] (a—[2a-b]t—2b¢
4i(1-t+t?)
A oer = 172 4iAacl1 — 5t + 97 — 8% + 4t
4i(1-t+t?)
1 — 5t + 9t* — 8t° + 4t*
Aisper = {1 i +t2]2 * ] Asnse
—t +
und

Asoer _ |1 — 5t + 9t — 8t° + 4¢°
Axasc [1 -t + tz]z

Der Zahler kann mittels Polynomdivision faktorisiert werden, da dieser fur t = ;— eine

Nullstelle hat ( Das Dreieck ADEF schrumpft zum Schwerpunkt zusammen ) :

[4t4—8t3+9t2—5t+1]:[t—;—] = 4t — 6t + 6t — 2

[4t3—6t2+6t—2]:[t—;—] = 4 — 4t + 4 = 4]t + 1]

[t—;—]z 4l — t + 1]

A per _
Avec [1-t+ 0]
17

‘|3

A, per _ 2

Asnsc [tz -t + 1]

1

4 [tz —t+ _]

A, per _ 4

Asnsc [tz -t + 1]

Fir t » =0 erhdlt man ein Dreieck derart, dass das Dreieck AABC dessen
Seitenmitten-Dreieck ist, und dieses Dreieck den 4-fachen Flacheninhalt hat :

4 [tz -t + 1—]
_ 4
lim = 4
o [t2 =t + 1]
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[tz -t + 1]
2
4 lt - ;—]

v(t) = > symmetrisch bezlglich t
t — 1_ + i
2 4
1
I i i i
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