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Aufgabe :

Zu zwei gegebenen Kreisen KM1r1, Ku, mit r, <r, sollen die

Beruhrpunkte aller gemeinsamen Tangenten bestimmt werden !

/

Gemeinsame Tangenten zweier Kreise 2



Fallunterscheidungen :

©

r, <r, + ‘M1M2|
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Fallunterscheidungen :

IV. V.

r.+r, = M,M r.+r., < M,M
2 "1 11V12 2 "1 1'vYi2
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Einheitsvektor von M, nach M,

cos(p+90°) —Siﬂ(cp+90°)]a

B, : u| = 1+ | ] ]
Ve, Vi sin(p+90°) cos|(p+90°)
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cos|@+90°] —sin(+90°) |-
sin(@+90°) cos(p+90°]
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r,—r, B /D% - (1)
) D D
yM1) b2 - (rp—r4) I
D D
B =, _ \/DZ (rz_r1)
Xy,| D D
YMZ) & | D? (rp=ry) rT,
D D

(leu . -—Sin(cp) —COS((p)-
Yu, ' cos(p) —sin(p|
(xMZ .y -—Sin(cp) —COS((p)-
| Y, *| cos(q)  —sin(q)

<l

cl
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Im Weiteren folgen einige Vereinfachungen :

B, Xe,| _ [Xm| . r_12 —(r,—r,] 2 _|D? — r=r.) —
Ys, Ym D _\/D2 - (rz—r1) —(rz—r1)
g, . [%| =[], r_22 2—(r2—r1) 2 D% =1, .
Ye, Ym, D _\/D - (rz_r1) _(rz_r1)
B - Xg,| _ [Xm| , Iy _(rz_r1) _\/D2 — (rz_r1)2 Xm, ™ Xum
10 = 2| 1= > _
YB, Ywm D _\/D — (rz—r1) —(rz—r1) | Ym,~Ym,
B Xg,| — [Xm,| , 2 —(rz—r1) _\/Dz - (rz—r1)2 Xm, ™ Xm
2 = 2| 1= > _
Ve, Y D _\/D — [r,—r,] —[r,—ry) Y, = Ym,
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Darstellung der ,,rechten“ Beruhrpunkte B, , B,

< X

= =

~————
+
_\ﬁ

r

cos(p+90°]  sin(@+90°)]
—sin(@+90°) cos|g+90°)]

cos(p+90°]  sin(g+90°) ]

—sin(@+90°] cos(@+90°)
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B1r XB1r
YB1r)

BZr XBzr\
YBZr)

B1r XB1r\
YB”)

BQr XBzr\
YBZr)

Wegen sin(qg)

< X

X

X
<

<

i r —sin(]
| —COS (@)
i1, —sin(g)
COS(@] =

cos|(q|

—Sin(cp)_

COS(q| -
| —COS () —Sin(cp)_

cl

cos(p+90°]  sin(@+90°)]
—sin[@+90°) cos(¢p+90°)]

cos(p+90°)  sin(p+90°)|
—sin(@+90°) cos(p+90°)

cl

57 -
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il

.y —sin(p] Ccos|(q)
| —cos(g) —sin(g)
.y —sin(¢p) COS(q@|
?| —cos (@) —sin(g)
Il
D
+r
| \/D2 - (rz_r1>2
I D
_kTh
D
+ 1,
B \/D2 - (rz_r1)2
D
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o —(rz—r1) \/D2 — (rz—r1)2
5 - |

L T2 _(rz_r1) \/D2 - (rz_r1)2
D2_—\/D2 — (rz—r1)2 —(rz—r1)

r, —[r,—ry) \/D2 - (rz—r1)2 (xMZ—x,\,h

S
of St &
D _—\/D2 = (r=r,f —(r,—1,)
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Zusammenfassende Darstellung der Beruhrpunktepaare B, , B, und

B, , B, zu I, I, I :

B, :

xe| _ (x|, Tl rer) =D = e
Vs, yw, D _JDz = (r=r,f —(r,—r,] Yn,~ Y,
AR e
Ys, Ywm, D* _\/DZ — (rz—r1)2 —(rz—r1) Ym,—Ywm,
5 e
Xg, | _ [*Xw, .\ Ty —(rz—r1) D° — (rz—r1) Xy, X
YB, Ym, D’ _—\/D2 — (rz—r1)2 —(rz—r1) Ym,~Ym,
Xg, Xu,| , T2 —(rz—r1) \/D2 — (rz—r1) Xpg,— X
YB, Ywm, D’ _—\/D2 — (rz—r1)2 (rz—r1) Ym, ~ Ym,
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Zu V. , V. :

____ r
Nach dem 2. Strahlensatz wird die Strecke M,M, im Verhéltnis r_2
1
. e L s —— r, |——
aufgeteilt, das heift |M,S| = Ir1+r2\l\/|1|v|2 . lsMy = r1+r2\l\/|1|\/|2\
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WS = M SV =
cos _ L Iy _ r+r,
R O i T
r+r,
cos(¢] = ﬁ = MM,
1 2
cos(¢| = ”Srz
_ \/D2 — (r1+r2)2
sin () = 5
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Darstellung der Beriihrpunkte C,,, C,

r

> M1M2 . .
Setze: U = D Einheitsvektor von M, nach M,
C. - Xeo| = ([ Xm] 4 ¢ -COS(cp) —Sin(cp)-a
' ve.|  \vw/| 'Lsine) cosp)
c, . || = | X rz-COS(—(180°—cp) —sin(—(180°~¢]) |-
r Ve,|  \Ym, sin(—(180°~¢)) cos(—(180°—¢)]
C. - Xe,| = [Xm] 4 ¢ -COS((p) —sin(g) |-
' Ye, Ym, 1_Sin(CP) COS ()
C Xe, | — [ Xm, ,r -COS(180°—cp) Sin(180°—cp) .
” Ye, Ywm, 2_—Sin(180°—cp) Cos(180°—cp)
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-COS((p) —sin ()
_Sin(cp) COS ()

-

-COS(180°—cp) sin(180°—CP)
—sin(180°—¢) cos(180°—¢)

-

-

. -COS((p) —sin (o)
'| sin(g) cos(g)

-

.y -—COS((p) sin (o]
?| —sin(p) —cos|q)
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2

D* _\/D2 - (r1+r2)2 ERaP’
2- —(r1+r2) \/D2 - (r1+r2)2-
D* __\/D2 _(r1+r2)2 _(r1+r2)
T r,+r, —\/D2 — (r1+r2)2-

R

r, . —(r1+r2) \/D2 — (r1+r2)2-
O | rorf ey
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Darstellung der Beriihrpunkte C, , C,

Setze :

C, :

u :

X

@)

<
<

< X

Einheitsvektor von M, nach M,

+ I,

+ T,

-

cos(—¢) —sin(—g)
_Sin(—cp) COS(— @)

—

-COS(180°—cp) —sin((180°—cp))

sin((180°—¢)]  cos(180°—¢)

 cos (g

sin(o) |-
_—Sin(cp) COS (@)
-—COS(cp) —sin(g| |-
_ sin(p) —COS|()
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r+r,
1 D
1) o \/D2 (r1+r2)
N D
AP
] D
2) " \/D2 — (r1+r2)
D
1. . r+r,
1 Dz_—\/D2 — (r1+r2)2
. 15 —(r1+r2)
D? _\/DZ - (r1+r2)2

|D? -

r+r,

2
(r1+r2)

—{D? — |r, +r2)

—(r1+r2)
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C Xc,| _ [Xm, X l r,+r, \/D2 — (r1+r2)2- X, ~ Xp,
" Ye, Ym, DZ_—\/D2 — (r1+r2)2 r,+r, Ym,~Ywm,
Ca Xey| = [Xw| 4 L2 —(r1+r2) _\/Dz - (r1+r2)2 Xm, ™ Xm,
Ye, Ywm, Dz_\/D2 —~ (r1+r2)2 —[r+ry) Ym, = Y,

Bemerkung :

Die Darstellung der Beruhrpunktepaare B, , B, bzw. B, , B, ist
wieinden Fallen I. , 1. , IIl. .
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Zusammenfassende Darstellung der Beruhrpunktepaare C,, C, und
C,, C, zu denFallen IV. , V. :

C,:

2 2
. r r,+r, —\/D — (r1+r2) (XMZ—XM
D _JD - (r1+r2) r+r,

11 f— 1
Ye, Ym,

| _
R = I
)
|

ol

)|
i o= [

|

s —[r+ry) —\/D2 (r +r2) (XMFXNM)

i R

C, : o —=
! Ye, Yu, =Y,
ﬁ- FRapP \/D2 - (r1+r2)2- Xm, ™ Xy,
Dz_—\/D2 — (ry+r,) r+r, Y, Ym

a| — 2
Ye, Ywm,
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Anhang :

Symmetrien der Trigonometrischen Funktionen :

sin(—o) = —sin(a
COS(—a) = COS(a)

Additionstheoreme :

sin(a+fB) = siniacos(p) + cosiousin(f)
sinfoa—p) = siniaicos(B) — cos(alsin(f)
cos(a+f) = cosiaicos(B] — siniaisin(p]
cos(a—PB) = cosiaicos(B] + siniaisin(p]
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sin(@+90°) = sin(p)cos(90°] + cos|p|sin(90°) = cos|(q)
cos(p+90°] = cos(¢)cos(90°) — sin(p|sin(90°] = —sin(q)
sin(—(p+90°)) = —[sin(p)cos(90°) + cos(q)sin(90°)] = —cos(q
cos(—(p+90°|) = cos(g|cos(90°] — sin(qsin(90°) = —sin(qg|

sin(90°—¢) = sin(90°|cos(p) — cos(90°
cos(90°—¢| = cos(90°|cos (| + sin(90°)sin(g) = sin(q)

sinjg) = cos|(q)

sin(—(90°~¢)| = —sin(90°
cos(—(90°~¢)] = cos(90°|cos(¢) + sin(90°)sin(p) = sin(g)

cos(¢) + cos(90°)sin(p| = —cos|(q|

sin(180°—¢| = sin(180"|cos(qp) — cos(180°
cos(180°—¢) = cos(180|cos(¢| + sin(180°

sin(¢p) = sin(g)

sin(p] = —COS (@)

Gemeinsame Tangenten zweier Kreise 24



Drehung eines Vektors u = (;(“) in mathematisch positiver Richtung
XU
Yu

um den Winkel ¢

cos(p) —sin(g|
sing)  cos|g|
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